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Abstract
Current robust risk measures or portfolio selection models are usually derived under the worst-case analysis, which makes the
investment decision too conservative and could not reﬂect the change of uncertainty sets with respect to diﬀerent market environ-
ments. We use the regime switching technique to describe the time-varying uncertainty set of the ﬁrst and second order moments,
and propose two kinds of robust risk measures: worst regime risk measure and mixed worst-case risk measure. These new risk
measures have good properties and the robust portfolio selection models derived from them can be eﬃciently solved in polynomial
time. Empirical results show the reasonability and eﬃciency of our new models.
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1. Introduction
In earlier researches, the investment risk was estimated under particular distributions, the most used one is the
normal distribution. Nevertheless, more and more evidences show that distributions of ﬁnancial data do not follow
the normal distribution, and the risk value estimated under the normal distribution is not accurate because mean and
variance are just partial information about the underlying distribution. Therefore, it is necessary to make some kind
of worst estimations about the unknown information, which is the so-called robust optimization technique.
Lobo and Boyd1 ﬁrst proposed a worst-case analysis with respect to uncertain variance, and demonstrated the
worst-case variance problem is a seme-deﬁnite program. El Ghaoui et al. 2 considered the worst-case value-at-risk
(VaR) with uncertain ﬁrst and second order moments, they showed the worst-case VaR constraint with respect to
the moment uncertainty set is equivalent to a second order cone constraint, and applied the worst-case VaR to a
portfolio selection problem. Moreover, Chen et al. 3 considered the worst-case lower partial moments and worst-case
conditional value-at-risk (CVaR) with respect to the ﬁrst two order moments, and derived a tight bound for these
two problems. Zhu and Fukushima4 considered the portfolio selection models under worst-case CVaR with discrete
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samples, and showed the models can be casted as second order cone programs. By properly deﬁning uncertainty sets,
Nataranjan et al. 5 showed that one can construct coherent risk measures and address the tractability issue of resulting
formulations. Artzner et al. 6 showed that any coherent risk measure can be expressed in a robust form with respect
to a proper uncertainty set. Nevertheless, all the above and most of current robust risk measures and corresponding
robust portfolio selection models are constructed under the worst-case framework. These models are too conservative
and do not suﬃciently utilize the uncertain information.
To make the robust risk measure and resulting robust portfolio selection problem tractable, the proper choose of
uncertain information sets is very important. The extensively adopted uncertainty sets are the polytypic or ellipsoidal
uncertainty sets of moments, where the uncertainties of diﬀerent moments are assumed to be independent. Except
for their special geometric structure, current uncertainty sets did not consider the variation of uncertain degree of
moments under diﬀerent market situations. The existing robust framework can not reﬂect the time-varying property
of distributional moments in stochastic security markets. One way to overcome this shortcoming is the regime switch-
ing technique, which describes the time-varying properties of random returns by using a nonlinear dynamic model
between periods7. Regime switching has been widely used in portfolio selection models, because it can eﬀectively
reﬂect return rates’ dynamic correlations in diﬀerent economic cycles. Ma et al. 8 and Chen and Liu9 introduced the
regime switching technique to portfolio selection problems under the multi-factor model, and the models could pro-
vide a much higher expected return than the single regime model, which shows the advantage of the regime switching
method in practice. The regime switching technique was also applied to the mean-CVaR portfolio selection problem
in Roman et al. 10.
To overcome the disadvantages of existing robust ﬁnancial models, in this paper, we use the regime switching
technique to describe the time-varying uncertainty of the ﬁrst two moments, and propose two kinds of ”mixed” robust
risk measures, where the uncertainty set is regime-dependent. Our new mixed robust models are not so extremely
risk-averse as that of the worst-case method, and they can reﬂect the inﬂuence of diﬀerent macro trends. We apply
the new risk measure to construct robust portfolio selection models and demonstrate that they can be transformed into
second order cone programs. Finally, we show the practicality and eﬃciency of our new models through empirical
tests.
The remainder of the paper is organized as follows. Section 2 introduces the uncertainty set with respect to regimes,
and proposes two kinds of regime-dependent robust risk measures. Taking VaR as an example, Section 3 applies the
new robust risk measure to portfolio selection problems and transforms them into the second order cone program-
s. Section 4 presents some empirical results to show the practicality and eﬃciency of our new models. Section 5
concludes the paper.
2. Robust risk measure under regime switching
Consider a loss function x = f (w, r) associated with the ﬁnancial decision variable w and the random variable
r deﬁned on a probability space (Ω,F , P). The traditional risk measure can be regarded as a aggregation function
ρ : Lp(F )→ R with respect to the probability P, here 1 ≤ p < ∞. The famous risk measure VaR can be described as
follows:
VaR(x) = min γ s.t. Prob{γ ≤ x} ≤ ,
here,  ∈ (0, 1] is a given loss tolerant probability (say, 1%, 5%). For more details about VaR, please refer to11.
The computation of the risk function depends on the probability P, whose fully distributional information is hardly
known in practice. We can estimate ρ by assuming P belongs to an uncertainty set P . This gives us the following
worst-case risk measure:
Deﬁnition 1. For the risk measure ρ, the worst-case risk measure with respect to P is deﬁned as wρ(x) 
supP∈P ρ(x).
By constructing diﬀerent uncertainty sets P , we can derive diﬀerent versions of worst-case risk measures. Typical
uncertainty sets proposed in the literature include the box uncertainty, the ellipsoidal uncertainty, and the mixture
distribution uncertainty2,3,4.
To describe the variation of the uncertainty set with respect to diﬀerent market environments, we consider the
uncertainty set which is regime-dependent. Suppose that the regime changes with time. Let s0 denote the regime at
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the beginning of the investment period and s denote the regime during the investment period. s0 is assumed to be
known beforehand, and it belongs to a set S 0. Correspondingly, S denotes the set of regimes during the investment
period. We assume that the regime switching is Markovian and, without loss of generality, the regime sets S 0 and S
are constituted by K possible regimes, S 0 = S = {s1, s2, ..., sK}. The corresponding transition probability matrix is
Ps =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
Pss1 s1 P
s
s1 s2 · · · Pss1 sK
Pss2 s1 P
s
s2 s2 · · · Pss2 sK· · · · · · · · · · · ·
PssK s1 P
s
sK s2 · · · PssK sK
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,
here Pssi s j = Prob{s = s j|s0 = si0} represents the probability of transforming from regime si to the regime s j.
We assume that diﬀerent uncertainty sets P(s) are associated with the possible regimes s ∈ S , then given a
particular regime s, the regime-dependent worst-case risk measure can be deﬁned as
wρs(x)  sup
P∈P(s)
ρ(x).
Depending on the speciﬁc way to combine these regime-dependent risk measures, we can deduce diﬀerent robust
risk measures. Here, we propose two kinds of combination methods. The ﬁrst one follows the idea of worst-case
analysis, we take the greatest risk measure value among all the possible regimes as the overall measure of risk, which
is deﬁned as the worst regime risk measure:
Deﬁnition 2 (worst regime risk measure): For the risk measure ρ, the worst regime risk measure with respect to
the regime set S is deﬁned as
wrρ(x)  sup
s∈S
wρs(x) = sup
s∈S
sup
P∈P(s)
ρ(x).
This risk measure is a nested measure, the inner level ﬁnds the worst probability distribution with respect to
the uncertainty set under given regime, and the outer level ﬁnds the worst regime which results in the largest risk
value. Such a measure is equivalent to the traditional worst-case risk measure if we deﬁne the uncertainty set as
P¯ =
⋃
s∈S P(s). Concretely, we have
wrρ(x) = sup
P∈P¯
ρ(x). (1)
The risk measure wrρ(x) might be too conservative, and it does not utilize the information about regime appearing
probabilities, i.e., the transition probabilities. Hence, we should take all the regimes possibly appearing into con-
sideration. To this end, we mix all the ”sub risks” under individual regimes together with respect to their occurring
probabilities. This gives us the following regime mixed worst-case risk measure:
Deﬁnition 3 (mixed worst-case risk measure): For the risk measure ρ, the mixed worst-case risk measure with
respect to the regime set S is deﬁned as
mwρ(x)  Es[wρs(x)] = Es[ sup
P∈P(s)
ρ(x)] =
∑
s
Pss0,s( sup
P∈P(s)
ρ(x). )
The above two kinds of risk measures inherit some good properties of the original risk measure ρ, for instance,
subadditivity, positive homogeneity, monotonicity and translation invariance. If a risk measure satisﬁes these four
properties, it is called a coherent risk measure6.
Theorem 1: If ρ(·) is a coherent risk measure, then wrρ(·) and mwρ(·) associated with any regime set S and
uncertainty sets P(s), s ∈ S , are both coherent risk measures.
Proof: It is known from (1) that wrρ(x) can be expressed as a worst-case risk measure with respect to P¯ . From
Proposition 1 in4, we conclude that wrρ(·) is a coherent risk measure. Meanwhile, mwρ(·) can be viewed as a convex
combination of several worst-case risk measures, which are all coherent risk measures. Since the convex combination
of coherent risk measures is still a coherent risk measure, mwρ(·) is thus a coherent risk measure with respect to any
regime set S and uncertainty sets P(s), s ∈ S . 
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3. Robust portfolio selection models
In this section, the proposed robust risk measures will be used to establish robust portfolio selection models.
Suppose that there are n risky assets in the security market, and an investor allocate his wealth among these assets.
Let w = [w1,w2, ...,wn]′ denote the proportion vector of the wealth invested in n assets, and r = [r1, r2, ..., rn]′ denote
the random return rates of n assets. The loss function can then be written as x = −rTw.
Suppose the current regime is known as s0. With respect to the possible regime s, we know only partial information
about the distribution of r, described by its mean vector μ(s) and covariance matrix Γ(s). Then the regime-dependent
uncertainty set can be represented as
P(s) = {P|EP[ξ] = μ(s), σ2P(ξ) = Γ(s)}, s ∈ S , (2)
here Γ(s) is assumed to be a positive deﬁnite matrix.
We will consider the worst regime and mixed worst-case risk measures when VaR is taken as the risk measure ρ, the
resulting measures are denoted as wrVaR and mwVaR for short. Under the mean-risk framework, the weighted sum
of the expected return and the worst regime risk measure, and the mixed worst-case risk measure, respectively, will
be adopted as the objective function to be maximized. With respect to the worst regime risk measure, the objective
function can be written as
max
w
E(x) − λ · wrVaR(x) = max
w
E(x) − λ · sup
s∈S
sup
P∈P(s)
VaRP(x). (3)
Due to the investment restriction and the diversiﬁcation requirement, we have a lower bound w and an upper bound
w on the proportion of wealth invested in an asset. Hence, we have constraints:
eTw = 1, (4)
w ≤ wi ≤ w, i = 1, ..., n, (5)
By introducing an auxiliary variable y, the robust portfolio selection model under the worst regime risk measure
can be expressed as
max E(−rTw) − λy (6)
s.t. sup
P∈P(s)
VaRP(−rTw) ≤ y, s ∈ S , (7)
eTw = 1, (8)
w ≤ wi ≤ w, i = 1, ..., n. (9)
Under (2), we know from Theorem 1 in2 that the worst-case VaR constraint (7) with respect to the uncertain mean
μ(s) and covariance Γ(s) is equivalent to
κ()||Γ1/2(s)w||2 − μT(s)w ≤ y, s ∈ S ,
where κ() =
√
1−

. Therefore, the optimization problem (6)-(9) is equivalent to the following second order cone
program:
max Es(μ(s))Tw − λy
(SOCP1) : s.t. κ()||Γ1/2(s)w||2 − μT(s)w ≤ y, s ∈ S ,
eTw = 1,
w ≤ wi ≤ w, i = 1, ..., n.
In the same way, if VaR is taken as the risk measure ρ in our mixed worst-case risk measure, we can replace wrVaR
in (3) by mwVaR, and establish the following mean-wrVaR portfolio selection model
max E(−rTw) − λ · Es[ sup
P∈P(s)
VaRP(−rTw)], (10)
s.t. (4) and (5). (11)
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Again, problem (10)-(11) can be transformed into the following second order cone program:
max Es(μ(s) − y(s))
(SOCP2) : s.t. κ()||Γ1/2(s)w||2 − μT(s)w ≤ y(s), s ∈ S ,
eTw = 1,
w ≤ wi ≤ w, i = 1, ..., n.
Therefore, like that in4, our robust portfolio selection models can also be quickly solved in polynomial time by
using eﬃcient algorithms for second order cone programs.
4. Empirical illustrations
We randomly choose 10 stocks from diﬀerent industries in both Dow Jones Industrial Average and S&P 500
Indexes to test our robust portfolio selection models, which are DIS, DOW, ED, GE, IBM, MRK, MRO, MSI, PEP
and JNJ. We use adjusted daily close-prices of these stocks on every Monday to compute their weekly logarithmic
return rates from February 14, 1977 to January 30, 2012. The original data are downloaded from Yahoo ﬁnance1.
We divide the market into three regimes: the bull regime which indicates the market is going up, the consolidation
regime which shows the market is during the transfer between recovery and recession, and the bear regime which
means the market is going down.
When determining the regime of a speciﬁc week, we prescribe an eﬀective time window with 24 weeks and use all
the data in the eﬀective time window (centered on such a week) to determine the regime. The time window approach
can eliminate the inﬂuence of big short-term ﬂuctuations, which do not reﬂect the real values of stocks, and can
improve the performance of estimation results in practice. We would assign the examining week to the bull regime if
there are more than two-thirds of 10 assets with good performance, to the consolidation regime if the number of assets
with good performance is between one-third and two-thirds, and to the bear regime if there is less than one-third of
assets with good performance. Then, regime transition probabilities are estimated by counting the relevant historical
transition times. With the chosen trading data, we ﬁnd
P =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
0.9475 0.0336 0.0189
0.3333 0.3148 0.3519
0.0471 0.0634 0.8895
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ .
Here, the bull market is regime s1, the consolidation one is regime s2, and the bear one is regime s3. From the diagonal
elements in P, we know that it is stable to stay in the bull or bear regime, but there is a relatively high possibility to
switch from the consolidation regime into the bull or bear regime. All these phenomena are consistent with the real
market situation.
Under each regime, we estimate the moment information by the historical data. The expected values of return rates
of 10 risky assets under three regimes are shown in Table 1. The expected return rates of the total sample are also list
in the last line of Table 1 as comparison. Due to the space limitation, the estimated covariance matrices are omitted.
Both ﬁrst and second order moments have signiﬁcant diﬀerence among diﬀerent regimes. Under the bull regime, the
investment in the 10 stocks will make a proﬁt with a large probability; on the contrary, under the bear regime, the
investment in these risky assets always suﬀers a loss; while under the consolidation regime, either proﬁt or loss may
appear with a certain probability.
With the above estimated parameters, we can form the concrete robust portfolio selection models (6)-(9) and (10)-
(11), and then ﬁnd the optimal investment policy by solving their equivalent second order cone programming problems
(SOCP1) and (SOCP2), respectively. Let the conﬁdence level be  = 0.05, the trade-oﬀ parameter is λ = 1, the lower
bound and upper bound of portfolio weights are 0 and 0.3, respectively. The interior algorithm, Mosek2 in Matlab
7.6.0 (2008a) is adopted to solve (SOCP1) and (SOCP2). The numerical experiment is carried out on a PC with
1 http://ﬁnance.yahoo.com
2 http://www.mosek.com/
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Table 1. expected return rates (%) under diﬀerent regimes and the total sample
DIS DOW ED GE IBM MRK MRO MSI PEP JNJ
μ(s1) 0.0997 0.0688 0.1129 0.0957 0.0786 0.1016 0.1167 0.0760 0.1150 0.1105
μ(s2) 0.0265 -0.0796 0.1342 -0.0420 -0.1423 0.1085 0.1721 0.0705 0.1702 0.1235
μ(s3) -0.2057 -0.1852 0.0941 -0.1616 0.0101 -0.0766 -0.0372 -0.2613 -0.0298 0.0319
μ 0.0997 0.0688 0.1129 0.0957 0.0786 0.1016 0.1167 0.0760 0.1150 0.1105
2.98 G RAM, 2.93 GHz Dual Core CPU. We show in Table 2 the optimal portfolios under wrVaR and mwVaR. As
a comparison, the corresponding optimal portfolio obtained with the mean-wVaR model in2 is also listed in the ﬁrst
line of Table 2.
Table 2. optimal portfolios under wrVaR, mvVaR and wVaR
DIS DOW ED GE IBM MRK MRO MSI PEP JNJ
w∗wVaR(s0) 0.0000 0.0000 0.3000 0.0000 0.3000 0.0000 0.0000 0.0000 0.2600 0.1400
w∗wrVaR(s0) 0.0000 0.0000 0.3000 0.0000 0.3000 0.0000 0.0000 0.0000 0.1548 0.2452
w∗mwVaR(s
1) 0.0000 0.0000 0.3000 0.0000 0.3000 0.0000 0.0877 0.0000 0.3000 0.0123
w∗mwVaR(s
2) 0.0000 0.0000 0.3000 0.0000 0.3000 0.0000 0.0000 0.0000 0.3000 0.1000
w∗mwVaR(s
3) 0.0000 0.0000 0.3000 0.0000 0.3000 0.0000 0.0000 0.0000 0.2469 0.1531
From Table 2, we can ﬁnd that both the optimal portfolios of the mean-wVaR problem and the mean-wrVaR
problem do not rely on the current regime. That is because both wVaR and wrVaR make the worst estimation and
do not care about diﬀerent regime-dependent distributions in the uncertainty set. While, the mean-mwVaR model
provides us with three optimal portfolios under three diﬀerent regimes. That is because the estimation of mwVaR relies
on the regime appearing probability in the future. Therefore, the strategy derived under such mixed robust models
reveals more information about market regimes, which are all omitted in the worst-case risk measures like2 and4. On
the other hand, although there is not much diﬀerence among the concrete investment patterns of optimal portfolios
obtained under three models, they are indeed diﬀerent, especially the three regime-dependent optimal portfolios gotten
with model (10)-(11).
To compare the performance of optimal portfolios obtained with diﬀerent robust portfolio selection models, we
compute the expected return rate, the variance of the optimal portfolio found under diﬀerent robust risk measures, as
well as the optimal estimation of the robust VaR under them. The obtained results are presented in Table 3.
Table 3. robust VaR value, expected return and variance under diﬀerent robust portfolio selection models
wVaR(s0) wrVaR(s0) mwVaR(s1) mwVaR(s2) mwVaR(s3)
robust VaR value 0.0891 0.1078 0.0809 0.0923 0.1053
expected return (%) 0.1028 0.1023 0.1035 0.1030 0.1027
variance 6.3332e-005 6.2984e-005 6.4675e-005 6.4770e-005 6.3017e-005
We can see from Table 3 that the largest estimation on the robust VaR is attained under the mean-wrVaR model,
because wrVaRmakes a worst estimation among all the possible regimes, while wVaR simply considers all the regimes
as one. Due to this, the mean-wrVaR model leads to the most conservative investment strategy, which provides the
lowest expected return and, of course, the smallest variance among all optimal investment policies. The estimation
of robust VaR has signiﬁcant diﬀerence with respect to three diﬀerent regimes under the mean-mwVaR model, the
robust VaR value is close to that of wrVaR when the market is bear, but is smaller than that of wVaR when the market
is bull. This is rather natural. What’s more important, the last three columns in Table 3 show signiﬁcant diﬀerences
in performance of three regime-dependent optimal portfolios obtained with the mean-mwVaR model. The expected
return of the optimal portfolio gotten under the bull or consolidation regime is signiﬁcantly larger than that of the
optimal portfolio obtained with either the mean-wVaR model or the mean-wrVaR model, while the corresponding
variance does not increase too much with regard to its magnitude; the expected return (variance) of the optimal
portfolio obtained under the bear regime is almost the same as (smaller than) that of the optimal portfolio gotten under
both the mean-wVaR model and the mean-wrVaR model. All these observations illustrate that the consideration of
diﬀerent market regimes can help the investor better estimate the investment risk according to his speciﬁc risk-averse
degree and can ﬁnd more sophisticated portfolios with better performance in actual investment.
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5. Conclusions
By utilizing the regime switching technique to describe the time-varying uncertainty of stock returns’ means and
covariances, we propose in this paper two classes of robust risk measures: the nested worst regime risk measure
and the transition probability weighted worst-case risk measure. These new measures can inherit good properties
such as the coherency. We apply the new risk measures to construct robust portfolio selection models and show that
they can be transformed into second order cone programs if VaR is used to derive the new risk measure. Empirical
illustrations with data from American stock markets show that our new models can ﬂexibly reﬂect the inﬂuence of
diﬀerent market regimes on the investment return and risk, which is more helpful than existing models for investors
to choose suitable robust risk measure and thus robust portfolio selection model to ﬁnd optimal portfolio with speciﬁc
mean-risk structure.
We can also adopt other risk measures, such as CVaR, as the basic risk measure ρ(·) in our new risk measure
deﬁnitions to construct other robust risk measures. Another interesting topic is to extend the results in this paper to
the multi-period situation.
Acknowledgements
This research was supported by the National Natural Science Foundation of China under Grant Numbers 70971109
and 71371152.
References
1. Lobo MS, Boyd S. The worst-case risk of a portfolio. Tech rep. Stanford University; 1999.
2. El Ghaoui L, Oks M, Oustry F. Worst-case value-at-risk and robust portfolio optimization: A conic programming approach. Oper Res 2003;
51(4): 543-556.
3. Chen L, He S, Zhang S. Tight bounds for some risk measures, with applications to robust portfolio selection. Oper Res 2011; 59(4): 847-865.
4. Zhu SS, Fukushima M. Worst-case conditional value-at-risk with application to robust portfolio management. Oper Res 2009; 57(5): 1155-
1168.
5. Natarajan K, Pachamanova D, Sim M. Constructing risk measures from uncertainty sets. Oper Res 2009; 57(5): 1129-1141.
6. Artzner P, Delbaen F, Eber JM, Heath D. Coherent measures of risk. Math Financ 1999; 9: 203-228.
7. Hamilton JD. A new approach to the economic analysis of nonstationary time series and the business cycle. Econometrica 1989; 57: 357-384.
8. Ma Y, MacLean L, Xu K, Zhao YG. Portfolio optimization model with regime-switching risk factors for sector exchange traded funds. Pac J
Opt 2011; 7: 455-470.
9. Chen ZP, Liu J. Time consistent risk measure under two-level information structure and its application in dynamic portfolio selection. Tech
rep. Xi’an Jiaotong University; 2013.
10. Roman D, Mitra G, Spagnolo N. Hidden markov models for ﬁnancial optimization problems. IMA J Manag Math 2010; 21: 111-129.
11. Duﬃe D, Pan J. An overview of value-at-risk. J Derivatives 1997; 4: 7-49.
